ACTION-ANGLE VARIABLES ON DIRAC MANIFOLDS 



NGUYEN TIEN ZUNG 

Abstract. The main purpose of this paper is to show the existence of 
action-angle variables for integrable Hamiltonian systems on Dirac man- 
ifolds under some natural regularity and compactness conditions, using 
the torus action approach. We show that the Liouville torus actions 
of general integrable dynamical systems have the structure-preserving 
property with respect to any underlying geometric structure of the sys- 
tem, and deduce the existence of action-angle variables from this prop- 
erty. We also discover co-affine structures on manifolds as a by-product 
of our study of action-angle variables. 



1. Introduction 

Action-angle variables play a fundamental role in classical and quantum 
mechanics. They are the starting point of the famous Kolmogorov-Arnold- 
Moser theory about the persistence of quasi-preridicity of the motion inte- 
grable Hamiltonian systems under perturbations (see, e.g., [3]). They are 
also the starting point of geometric quantization rules which go back to the 
works of Bohr, Sommefeld, Epstein and Einstein (see, e.g., pQ), and also 
of semi-classical quantization of integrable Hamiltonian systems (see, e.g., 
[23]). The quasi-periodicity of the movement of general proper integrable 
Hamiltonian systems in angle variables was discovered by Liouville [T7] . The 
first essentially complete proof of the theorem about the existence of action- 
angle variables near a Liouville torus on asymplectic manifold, which is often 
called Arnold-Liouville theorem, is due to the astrophysicist Mineur [18j CE] > 
who was also motivated by the quantization problem. 

There have been generalizations of Arnold-Liouville-Mineur action-angle 
variables theorem to various contexts, including noncommutatively inte- 
grable systems (see, e.g., [22], EH [7]), systems on almost-symplectic man- 
ifolds [TTj, on contact manifolds (see, e.g., [HI [13]), on Poisson manifolds 
[16j . and so on. Action-angle variables near singularities of integrable sys- 
tems have also been studied (see, e.g. [9j [20l [22 EH E3 [28]). But as far 
as we know, action-angle variables on general Dirac manifolds, or even gen- 
eral presymplectic manifolds, have not been studied in the literarture. The 
aim of this paper is to remedy this situation, by extending the action-angle 
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variables theorem to the case of integrable Hamiltonian systems on Dirac 
manifolds, which include systems on Poisson and presymplectic manifolds 
as paricular cases. 

There are at least 2 reasons why we are interested in integrable Hamilton- 
ian on Dirac manifolds. The first is that Dirac structures appear naturally 
in systems with constraints. For example, take an integrable Hamiltonian 
system on a Poisson manifold (M, n), and consider an invariant submanifold 

(1.1) Q = Q ci ,...,c k = {x € M | Fi(x) = ci, . . . , F k (x) = c k } 

where (F±, . . . , F^) is a partial family of commuting first integrals of the 
system. Then, in general, under some regularity condition, Q is a Dirac 
manifold (which is neither Poisson nor presymplectic) on which the restricted 
system is still an integrable Hamiltonian system, and it still makes sense to 
talk about action-angle variables on Q. In particular, we will make use of 
action-angle variables in a work in progress on the geometry of integrable 
dynamical systems on 3-manifolds. 

The second reason is that, given an integrable dynamical system without 
any a-priori Hamiltonian structure, it has more chance to become Hamil- 
tonian with respect to a Dirac structure than with respect to a symplectic 
or Poisson structure. This second reason may be important for applications 
in fields like biology and economics, where due to "forgotten" variables even 
systems which are Hamiltonian don't look Hamiltonian at the first sight at 
all. And since our setting is rather general, one can recover from the main 
results of this paper various action-angle variables theorems in the literature. 

The approach that we follow in this paper is a geometric approach based 
on the toric philosophy: locally every dynamical system admits an intrin- 
sic torus action which preserves anything which is preserved by the system. 
(This torus action is a kind of double commutator). This toric philosophy 
is rather powerful. In particular, it allowed us to prove the existence of 
convergent Poincare-Birkhoff normalization for any analytic integrable sys- 
tem near a singular point [271 I26j . In this paper, we will show that, for 
integrable systems near a regular level set, the role of this intrinsic torus 
action is played by nothing else than the Liouville torus action, i.e. the 
Liouville torus action preserves any underlying geometric structure which is 
preserved by the system. In particular, for systems on Dirac manifolds, the 
Liouville torus action preserves the Dirac structure. Using this property, 
one can construct relatively easily action-angle variables. We believe that, 
even in the classical symplectic case, our proof is more conceptual and easier 
to understand and to generalize than some existing proofs in the literature. 

The organization of this paper is as follows: In Section 2 we recall some 
basic notions about Dirac structures and Hamiltonian systems on Dirac 
manifolds, and show some simple results about co-Lagrangian submanifolds 
on Dirac manifolds (Theorem 12. 101 and Theorem 12. lip , which are related to 
action-angle variables. In Section 3 we recall the notion of Liouville torus 
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actions for general integrable dynamical systems, and show that these Li- 
ouville torus actions have the structure-preserving property (Theorem 13.31 
and Theorem 13. 5p . Finally, Section 4 is about integrable Hamiltonian sys- 
tems on Dirac manifolds, where, using the results of Section 3, we show 
that if the system is Hamiltonian then the Liouville torus action is also 
Hamiltonian (Theorem 14.3ft , and deduce from this result the existence of 
action-angle variables, both in the "commutative" case when the Liouville 
tori are Lagrangian (Theorem 14.71 about full action-angle variables) and in 
the "noncommutative" case when the Liouville tori are isotropic (Theorem 
14.91 about partial action-angle variables). As a by-product of our study, we 
get a new kind of geometric structures on manifolds, called co-affine struc- 
tures (see Subsection 4.3), which are induced from integrable Hamiltonian 
systems on presymplectic manifolds, and which seem to be very interesting 
by themselves. 

2. Dirac manifolds and co-Lagrangian submanifolds 

In this section, let us briefly recall some basic notions about Dirac man- 
ifolds and Hamiltonian systems on them (see, e.g., [HO [15], Appendix A8 
of [10] . and references therein). We will also write down some basic results 
about (co-)Lagrangian submanifolds of Dirac manifolds, which are similar 
to Weinstein's results on Lagrangian submanifolds of symplectic manifolds 
[24] . and which are related to action-angle variables. 

Dirac structures were first used by Gelfand and Dorfman (see, e.g., [12| 
[8]) in the study of integrable systems, and were formalized by Weinstein 
and Courant in [BJ [5] in terms of involutive isotropic subbundles of the 
"big" bundle TM(BT*M . They generalize both (pre) symplectic and Poisson 
structures, and prove to be a convenient setting for dealing with systems with 
constraints and reduction problems. 

On the direct sum TM®T*M of the tangent and the cotangent bundles of 
a smooth n-dmensional manifold M there is a natural indefinite symmetric 
scalar product of signature (n, n) defined by the formula 

(2.1) ((X l ,a l ),(X 2 ,a 2 )) = ±«ai, X 2 ) + <a 2 ,*i» 

for sections (Xl,0!i), (X 2 ,a 2 ) € T(TM © T*M). A vector subbundle V C 
TM@T*M is called isotropic if the restriction of the indefinite scalar prod- 
uct to it is identically zero. On the space of smooth sections of TM © T*M 
there is an operation, called the Courant bracket, defined by the formula 

(2.2) [(Xi,a 1 ),(X 2 ,a 2 )} := ([Xi, X 2 ], C Xl a 2 - ix 2 da\), 

where C denotes the Lie derivative. A subbundle T> C TM © T*M is said 
to be closed under the Courant bracket if the bracket of any two sections 
of T> is again a section of T>. 

Definition 2.1. A Dirac structure on a n- dimensional manifold M is an 
isotropic vector subbundle V of rank n of TM @T*M which is closed under 
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the Courant bracket. If V is a Dime structure on M then the couple (M, V) 
is called a Dirac manifold. 

We will denote the two natural projections TM®T*M ->■ TM and TM@ 
T* M — >• T*M by projrM and projr*M respectively. 

Grosso modo, a Dirac structure P on a manifold M is nothing but a 
singular foliation of M by presymplectic leaves: the singular characteristic 
distribution C = projxMD of V is integrable in the sense of Frobenius- 
Stefan-Sussmann due to the closedness condition. On each leaf S of the 
associated singular characteristic foliation whose tangent distribution is 
C there is an induced differential 2-form ojs defined by the formula 

(2.3) u> s (X,Y) = {a x ,Y), 

where X, Y G C x = T X S and ax is any element of T*M such that (X, ax) G 
V x . Due to the closedness of V, the 2-form cos is also closed, i.e. (S,us) is 
a presymplectic manifold. The Dirac structure V is uniquely determined by 
its characteristic foliation and the presymplectic forms on the leaves. 

If projxM '■ D —> TM is bijective then the characteristic foliation consists 
of just 1 leaf, i.e. M itself, and V is simply (the graph of) a presymplectic 
structure u on M: V = {(X,X_ilj) \ X <E TM}. On the other hand, if 
projTM '■ T> — > T*M is bijective then T> is (the graph of) a Poisson structure 
on M, and the 2-forms ojs are nondegenerate, i.e. symplectic. However, in 
general, the ranks of the maps proj T M : V — > TM and proj T M : V — >■ TM* 
may be smaller than n, and may vary from point to point. 

Definition 2.2. A Dirac structure V on M is called a regular Dirac 

structure o/bi-corank (r, s) if there are two nonnegative integers r,s such 
that Vx G M we have 

(2.4) dim(V(x) n T X M) =n- dim proj T *MT>(x) = r 
and 

(2.5) dim(£>(x) n T*M) = n — dim. pro jtmT>{x) = s. 

Even if the Dirac structure V is non-regular, one can still talk about its 
bi-corank, defined to be the bi-corank of a generic point in M with respect to 
V. For regular Dirac structures, we have the following analog of Darboux's 
theorem: 

Proposition 2.3 (Darboux for regular Dirac). Let O be an arbitrary point 
of a n-manifold M with a regular Dirac structure T> of bi-corank (r, s) . Then 
n — r — s = 2m for some m G Z + , and there is a local coordinate system 
(xi, . . . j %2mi Vii ■ ■ ■ i Vr-, z±, ■ ■ ■ , z s ) in a neighborhood of O, such that the local 
characteristic foliation is of codimension s and given by the local leaves 



(2.6) 



{zi = const, . . . ,z s = const}, 
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and on each of these local leaves S the presymplectic form us is given by the 
formula 



The proof of the above proposition is essentially the same as the proof of 
the classical local Darboux normal form for symplectic structures. 

In particular, if T> is regular, then the kernel distribution given by the 
kernels of the presymplectic forms is regular and integrable, and gives rise to 
a foliation called the kernel foliation of D. In local canonical coordinates 
given by Theorem 12.31 the kernel distribution is spanned by • • • , gf - )- 

Example 2.4. Given a manifold L, a regular foliation T on L, and a vector 
bundle V over L, put M = T*T © V, where T*T means the cotangent 
bundle of the foliation T over L. Then M admits the following regular 
Dirac structure T>, which will be called the canonical Dirac structure: 
each leaf S of the characteristic folitation is of the type S = T*N © Vn = 
7r _1 (A^), where N is a. leaf of J- and tt : T*J- © V — > L is the projection 
map, and the presymplectic form on S = T*N © Vjv is the pull-back of the 
standard symplectic form on the cotangent bundle T*N via the projection 
map T*N © Vn — > T*N. When T consists of just one leaf L and V is trivial 
then this canonical Dirac structure is the same as the (graph of the) standard 
symplectic structure on T*L. 

The notions of Hamiltonian vector fields and Hamiltonian group actions 
can be naturally extended from the symplectic and Poisson context to the 
Dirac context. In particular, we have: 

Definition 2.5. A vector field X on a Dirac manifold (M, T>) is called a 
Hamiltonian vector field if there is a function H, called a Hamiltonian 

function of X, such that one of the following two equivalent conditions is 
satisfied: 

i) (X,dH) is a section ofT>: 



on every presymplectic leaf (S, ojs) of it. 

Proposition 2.6. If X is a Hamiltonian vector field of a Hamiltonian func- 
tion H on a Dirac manifold (M,T>), then X preserves the Dirac structure 
T>, the function H , and every leaf of the characteristic foliation. 

Definition 2.7. A function f on (M,D) is called a Casimir function if 

H is a Hamiltonian function of the trivial vector field, i.e. (0,df) € r(P). 
A vector field X on (M, V) is called an isotropic vector field if it is 



in 



(2.7) 
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Hamiltonian with respect to the trivial function, i.e. (X,dO) 6 r(£>), or 
equivalently, X lies in the kernel of the induced presymplectic forms. 

Notice that if X is a Hamiltonian vector field of Hamiltonian function H, 
Y is an isotropic vector field, and / is a Casimir function, then X + Y is also 
a Hamiltonian vector field of H, and X is also a Hamiltonian vector field of 
H + f . Modulo the isotropic vector fields and the Casimir functions, the cor- 
respondence between Hamiltonian vector fields and Hamiltonian functions 
will become bijective. 

Remark also that, unlike the Poisson case, not every function on a general 
Dirac manifold can be a Hamiltonian function for some Hamiltonian vector 
field. A necessary (and essentially sufficient) condition for a function H to 
be a Hamiltonian function is that the differential of H must annulate the 
kernels of the induced presymplectic forms. 

Another interesting feature of general Dirac structures is that it is easier 
for a dynamical system to become Hamiltonian with respect to a Dirac 
structure than with respect to a symplectic or Poisson structure, as the 
following example shows: 

Example 2.8. (See [29]). A local 2-dimensional integrable vector field with 
a hyperbolic singularity X = h(x,y)(^-^ — fj|), where a, b are two co- 
prime natural numbers is not Hamiltonian with respect to any symplectic 
or Poisson structure if a + b > 3, but is Hamiltonian with respect to the 
presymplectic structure u = x a ~ l y h ~ 1 dx A dy. On the other hand, a lo- 
cal integrable vector field X = h{y)y-^ is not Hamiltonian with respect to 
any presymplectic structure, but is Hamiltonian with respect to the Poisson 
structure y-j^ A J^. If an integrable vector field on a surface admits both of 
the above singularities then it cannot be Hamiltonian with respect to any 
presymplectic or Poisson structure, but may be Hamiltonian with respect 
to a Dirac structure. 

The theory of isotropic, coisotropic, and Lagrangian submanifolds can 
be naturally extended from the symplectic category to the Dirac category. 
However, in the Dirac case, we will have to distinguish between the La- 
grangian and the co-Lagrangian submanifolds (which are the same thing in 
the symplectic case). 

Definition 2.9. Let (M, T>) be a Dirac manifold, where T> is a regular Dirac 
structure of bi-corank (r, s). 

i) A submanifold N of{M,T>) is called isotropic if it lies on a characteristic 
leaf S, and the pull-back of the presymplectic form oj$ to N is trivial. If, 
moreover, N is of maximal dimension possible, i.e. 

(2.10) dim N = —rank + r = — (dimM + r — s), 

then N is called a Lagrangian submanifold. A foliation (or fibration) on 
(M, V) is called Lagrangian if its leaves ( or fibers ) are Lagrangian. 
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ii) A submanifold L of (M,T>) is called a co-Lagrangian submanifold if 

(2.11) dimL = i(dimM-r + 

and for every point x € L the tangent space T X L satisfies the following 
conditions : a) T X L + proj TM V{x) = T X M; b) T X L n (T X M n V(x)) = {0}; 
c) ujs\t x l = where S is the characteristic leaf containing x. 

Observe that if N is a Lagrangian submanifold then T X N contains the 
kernel of the presymplectic form at x for every x € N, this kernel distribution 
is regular and integrable in N, and N is foliated by the kernel foliation. If L 
is a co-Lagrangian submanifold then L is also foliated: the foliation on L is 
the intersection of the characteristic foliation of (M, T>) with L. Moreover, 
if N is a Lagrangian submanifold and L is a co-Lagrangian submanifold of 
(M,V), then 

(2.12) dim iV + dimL = dim Af. 

The above definition of Lagrangian and co-Lagrangian submanifolds may 
differ from the other definitions in the literature, but they are well-suited 
for our study of action- angle variables. In particular, it is easy to see that 
any local Lagrangian foliation in a regular Dirac manifold admits a local 
co-Lagrangian section. We also have the following analogs of some results 
of Weinstein [24] about (co-)Lagrangian submanifolds: 

Theorem 2.10 (Neighborhood of a co-Lagrangian submanifold). Let L be a 

co-Lagrangian submanifold of a regular Dirac manifold (M, T>) . Then there 
is a foliation J- on L, a vector bundle V over L, and a Dirac diffeomorphism 
from a neighborhood (U(L),V) of L to an open subset ofT*F® V equipped 
with the canonical Dirac structure, which sends L to the zero section of 
T*T ® V. 

Proof. Let us first prove the above theorem in the Poisson case: T> = 
{(auLI, a) | a € T*M} is the graph of a regular Poisson structure II on 
M. In this case, the bi-corank of V is of the type (0, s), and the leaves of 
the characteristic foliation are symplectic. 

Denote by J- the foliation on L, which is the intersection of the charac- 
teristic foliation with L: T X T = T X N n C X F for every x € N, where C is the 
characteristic distribution. Then, via the symplectic form on C, the vector 
bundle T*F over L is naturally isomophic to another vector bundle over L, 
whose fiber over x G L is the quotient space C x jT x T . This latter bundle is 
also naturally isomorphic to the normal bundle of L in M. Due to these 
isomorphisms, there is a vector subbundle E over L of Cl = U x€ lC x , such 
that Cl = TT ® E, and E is Lagrangian, i.e. E is isotropic with respect to 
the induced symplectic forms on C and the rank of E is half the rank of Cl- 

At each point x £ L, the set of germs of local Lagrangian submanifolds in 
M which contain x and which are tangent to E x at x is a contractible space. 
(By a local symplectomorphism from the characteristic leaf S which contains 
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x to T*IR m where 2m = rank ujg, this space of germs can be idientified 
with the space of germs of exact 1-forms on (M m ,0) whose 1-jets vanish at 
the origin). Due to this fact, there are no topological obstructions to the 
existence of a Lagrangian foliation in a sufficiently small neighborhood of L 
which is tangent to E x at every point x G L. Denote by N such a Lagrangian 
foliation. Identify L with the zero section of T*T . Then, similarly to the 
proof of uniqueness of marked symplectic realizations of Poisson manifolds 
(see Proposition 1.9.4 of [10]), one can show that there is a unique Poisson 
isomorphism <3? from a neighborhood of N in M to a neighborhood of L of 
in T*F, which is identity on L and which sends the leaves of N to the local 
fibers of T*T . can be constructed as follows: 

Take a local function F in the neighborhood of a point x G L in M, which 
is invariant on the leaves of the Lagrangian foliation N . Push F to T*T 
by identifying L with the zero section of T*T and by making the function 
invariant on the fibers of T*T. Denote the obtained local function on T*T 
by F . Now extend the map <& from L (on which <I> is the identity map) to a 
neigborhood of L by the flows of the Hamiltonian vector fields X = Xp and 
X = Xp of F and F: if y = (fi x (z) where z G L and (fr x denotes the time-t 
flow of X, then <£(?/) = (p x (z). One verifies easily that <J> is well-defined 
(i.e. it does not depend on the choice of the functions F), and is a required 
Poisson isomorphism. 

Consider now the general regular Dirac case. Denote by K, the kernel 
foliation in a small tubular neighborhood U{L) of L in M in this case: the 
tangent space of K, at each point is the kernel of the induced presymplectic 
form at that point. Denote by A4 C U{L) a submanifold which contains 
./V and which is transversal to the kernel foliation. Then A4 is Poisson 
submanifold of (M, T>). Denote by tt\ : U(L) — > M. the projection map 
(whose preimages are the local leaves of the lernel foliation). The Dirac 
structure T> in U{L) is uniquely obtained from the Poisson structure on 
A4 by pulling back the symplectic 2-forms from the characteristic leaves of 
A4 to the characteristic leaves of U(L) via the projection map %\ (so that 
they become presymplectic with the predescribed kernels). Denote by V the 
vector bundle over L which is the restriction of the kernel distribution to L. 

According to the Poisson case of the theorem, there is a Poisson diffeo- 
morphism from A4 to a neighborhood of the zero section in T* T . Extend $ 
to an arbitrary diffeomorphism $ from U{L) to a neighborhood of the zero 
section in T*F@V which is fiber-preserving in the sense that 112°^ = $07ri, 
where TT2 denotes the projection T*J-®V — > T*T. Then $ is a required Dirac 
diffeomorphism. □ 

Theorem 2.11 (Co-Lagrangian sections). Let J- be a regular foliation on 
a manifold L, and V be a vector bundle over L. Then a section K of the 
vector bundle T*T V equipped with the canonical Dirac structure is a 
co-Lagrangian submanifold ofT*T®V if and only if L\ = (0,v), where 
9 G r(T*J 7 ) with djQ = 0, and v G T(V) is arbitrary. 
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Proof. The proof is the same as in the symplectic case, when V is trivial 
and T consists of just 1 leaf, i.e. L itself. □ 

3. LlOUVILLE TORUS ACTIONS 

Let us recall the following natural notion of integrability of dynamical 
systems which are not necessarily Hamiltonian (see, e.g., [21 126^ [28]): 

A n-tuple {X\ . . . , X p , Fx, . . . , F q ), where p > 1, q > 0,p + q = n, Xj are 
vector fields on a n-dimensional manifold M and Fj are functions on M, is 
called an integrable system of type (p, q) on M if it satisfies the following 
commutativity and non-triviality conditions: 

i) [X i ,X j ] = Vi,j = l,...,p, 

ii) X l (F j )=0 Vi<p,j<q, 

iii) Xi A . . . A X p and dFi A ... A dF q ^ almost everywhere on M. 
By a level set of an integrable system (X\ . . . , X p , Fx, . . . , F q ) we mean 

a connected component A of a joint level set 

(3.1) {Fi = const, . . . ,F g = const}. 

Notice that, by definition, the vector fields X±, . . . ,X p are tangent to the 
level sets of the system. We will say that the system (Xi . . . , X p , Fi, . . . , F q ) 
is regular at N if X\ A . . . A X p ^ and dF\ A ... A dF q ^ everywhere on 
N. 

The following theorem about the existence of a system-preserving torus 
action near a compact regular level set of an integrable system is essentially 
due to Liouville [T7] : 

Theorem 3.1 (Liouville's theorem). Assume that (Xi, . . . , X p , Fx, . . . , F q ) 

in an integrable system of type (p, q) on a manifold M which is regular at a 
compact level set N. Then in a tubular neighborhood U(N) there is, up to 
automorphisms ofT p , a unique free torus action 

(3.2) p:T p xU(N) ^U{N) 

which preserves the system (i.e. the action preserves each Xi and each Fj) 
and whose orbits are regular level sets of the system. In particular, N is 
diffeomorphic to T p , and 

(3.3) U{N) ^ T p x B q 

with periodic coordinates 9\, . . . , 9 p (mod 1) on T p and coordinates {z\, . . . , z q ) 
on a q-dimensional ball B q , such that F\, . . . ,F q depend only on the variables 
z\,...,z q , and the vector fields Xi are of the type 

P Q 

(3.4) X i = ^a ij {zi,...,z q ) — . 

j=l 3 

The proof of the above theorem is absolutely similar to the case of in- 
tegrable Hamiltonian systems on symplectic manifolds, see, e.g., |2, .28]. It 
consists of 2 main points: 1) The map (Fx, . . . ,F q ) : IA(N) —¥ M q from a 
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tubular neighborhood of N to M. q is a topologically trivial fibration by the 
level sets, due to the compactness of N and the regularity of (Fx, . . . ,F q ) 
(attention: if (Fx, ■ ■ ■ ,F q ) is not regular at N then this fibration may be 
non-trivial and may be twisted even if the level sets are smooth); 2) The 
vector fields X\ , . . . , X p generate a transitive action of W on the level sets 
near N , and the level sets are compact and of dimension p, which imply that 
each level set is a p-dimensional compact quotient of MP, i.e. a torus. 

The regular level sets in the above theorem are called Liouville tori. 
We will also call the torus action in the above theorem the Liouville torus 
action. Theorem 13.11 shows that the flow of the vector field X = X% of 
an integrable system is quasi-periodic under some natural compactness and 
regularity conditions. This is the most fundamental geometrical property of 
proper integrable dynamical systems. 

Definition 3.2. An integrable system (X\ . . . , X p , Fx, . . . , F q ) on a Dime 
manifold (M, T>) is called an integrable Dirac system of type (p, q) if the 
vector fields X\ , . . . , X p preserve the Dirac structure. 

Theorem 3.3 (Liouville action preserves the Dirac structure). If an inte- 
grable Dirac system (X\ . . . , X p , Fx, ... , F q ) on a Dirac manifold (M, T>) is 
regular at a compact level set N , then the Liouville torus action in a tubular 
neighborhood of N preserves the Dirac structure. 

Proof. Let us first prove the above theorem for the Poisson case, i.e. when 
T> = {(a_ill, a) | a € T*M} is the graph of a Poisson tensor II. 

According to Liouville's Theorem 13. 1\ there is a coordinate system 

(3.5) [6\{mod 1), . . . , 9 p (mod l),z±, . . . , z q ) 

in U(N), in which the vector fields X\, . . . , X p are of the form 

P Q 

(3.6) X i = ^2a ij (z 1 ,...,z p ) — . 

j= i J 

We will write the Poisson structure II as 

i<j J i,j J i<j J 

The fact that {X\ . . . , X p , Fx,... , F q ) is a Dirac system with respect to II 
means that [X&,II] = for all k = l,...,p (where [Xj,II] denotes the 
Schouten bracket of X^ with II, see, e.g., Chapter 1 of [10]). In other words, 
we have, for all k < p: 



(3.8) 
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Notice that the coefficient of the term -J^ A in the above expression is 

Xk(hij), because [X^, -J^-] = — Y^Jj=i does not contain the terms 

So we must have 

(3.9) X h {hij) = 

for all k = l,...,p, which implies that h^ is invariant on the level sets of 
the system in U(N), i.e. hij is invariant under the Liouville torus T p -action 
(for any indices i < j). 

Denote by f {j = f Jn fijd9 1 ...dO n (resp. g~ij,hij) the average of fa (resp. 
gij, hij) with respect to the Liouville torus acction. Since hij is T p -invariant, 
we have hy = hy. Since preserves II and commutes with the Liouville 
torus action, it also preserves 

( 3 - 10 ) n = Zfawt A w< + E*^ a £: + A 

Kj 

It implies that 



«<j J i,j J Kj J 



(3.11) _ [x t ,u- n] _ [x*,£/«|- a A + E A 

= E**(/o-)|: a J- + E^(fe")|: a ± + T,^w i A [X ' ^' 

i<3 3 *,3 3 i,3 3 

where fa = fij - f {j and g^ = g^ - g^. The coefficient of ^- A ^- in the 
above expression is Xk(gij), so we must have Xk(gij) = (for any i,j,k), 
which implies that g^ is T p -invariant, which in turn implies that g^ = and 
gij is T p -invariant. Similarly, we also have that fij is T p -invariant. Thus 
the Poisson stucture II is invariant under the Liouville torus action, and the 
theorem is proved in the Poisson case. 

Let us now reduce the general Dirac case to the Poisson case. Assume 
that the kernel K x = V x n T X M has dimension &\m.K x = r > at a point 
x £ N. Due to the invariance of T>, and hence of the kernel distribution, 
with respect to the vector fields X\, . . . ,X p , it is easy to see that one can 
choose r 1-forms a±,...,a r in U(N), which have constant coefficients in 
the coordinates {9\{mod 1), . . . , 9 p (mod 1), z\, . . . , z q ), and such that their 
restrictions to the kernel K y = V y f~l T y M span the dual space K* of K y for 
any y G N. Put 

(3.12) W = U{N) x B r = T P x B q x B r 

with additional coordinates (wi, . . . ,w r ) on B r . Construct the following 
Dirac structure T> w on W: each characteristic leaf S w of D w is the pull- 
back of a characteristic leaf S of V via the projection map ir : W — > U(N): 
S w = tt~ 1 (S), and the presymplectic form oj s w on S w is given by the 



12 



NGUYEN TIEN ZUNG 



formula: 



r 



(3.13) 



OJgW = TT*UJ + a i A d/Wi- 
i=l 



By construction, cj s vk is actually a symplectic form, i.e. T> is a Poisson 
structure. Lift the vector fields Xi from U(N) to in a trivial way, by 
keeping the same formula 



for them in the coordinates {6i{mod 1), . . . , 6 p {mod 1), zi, ■ ■ ■ , z q , w\, . . . , w r ). 
Lift the Liouville torus T p -action from U{N) to W in the same way. Then 
we have an integrable system (X\, . . . , X p , Fi, . . . , F q , wi, . . . , w r ) of type 
(p,q + r) on the Poisson manifold (W, T> w ), which is regular at N. Applying 
the proved result in the Poisson case, we obtain that T> w is invariant with 
respect to the Liouville T p -action, which implies that T> is also invariant 
with respect to the Liouville torus action. The theorem is proved. □ 

Remark 3.4. The Dirac structure in Theorem 13.31 can be non-regular in the 
neighborhood of N. In particular, the rank of the kernel distribution VnTM 
is constant on each Liouville torus but may vary from torus to torus. The 
vector fields Xi in Theorem 13.31 are not necessarily Hamiltonian, and the 
Liouville torus iV is not necessarily isotropic in general. 

Theorem 13.31 agrees with the general philosophy about toric degree and 
intrinsic torus actions associated to vector fields: "anything" preserved by 
a vector field is also preserved by its intrinsic associated torus action, see, 
e.g., [23 EZ1 [28] . This philosophy also leads to the following result: 

Theorem 3.5. If an integrable system (X\ . . . , X p , Fx, . . . , F q ) on a man- 
ifold M is regular at a compact level set N and preserves a tensor field 
Q € T(® k TM ® h T*M), then its Liouville torus action in a tubular neigh- 
borhood of N also preserves the tensor field Q. 

Remark 3.6. In the above theorem, the tensor field Q can be anything: a vec- 
tor field (an infinitesimal generator of a Lie group action), a contact 1-form, 
a volume form, a metric, a Nambu structure, etc. So if the system preserves 
any such structure then the associated Liouville torus action also preserves 
the same structure. The cases of Poisson and presymplectic structures are 
already covered by Theorem 13.31 

Proof. The proof is similar to the Poisson case of Theorem [331 Fix a canon- 
ical coordinate system (9i(mod 1), . . . , 9 p (mod 1), Z\, . . . , z q ) in a tubular 
neighborhood IA{N) of iV as given by Theorem 13.11 We will make a filtra- 
tion of the space T(® k TM ® h T*M) of tensor fields of contravariant order 
k and contravariant order h as follows: 



(3.14) 
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The subspace T s ' consists of sections of ® k TM(& h T*M whose expression 
in the coordinates (9i(mod 1), . . . , 6 p (mod 1), Zi, . . . , z q , Wi, . . . , w r ) contains 
only terms of the type 

d d d d 

(3.15) ttt — ® . . ®^ — ®- • -® n — ®- • -®d#i' ®dzA, ®. . .®dz,-< 

with 6 + c < s. For example, 

(3.16) if'* = \ kj'-i- ® ■ ■ ■ ® J- ® ® • • • ® ^ 



Put T_i = {0}. It is clear that 

(3.17) {0} = T^ k C T^ k C T^ k C ... C T^ k k = T(® fc TM ® h T*M). 

It is also clear that the above filtration is stable under the Lie derivative of 
the vector fields X\, . . . , X p , i.e. we have 

(3.18) C Xa A G T*> k Vs = 0,...,k + h, VA G T^' k , Va = 1, . . . ,p. 

Since £x a G = for all a = 1, ... ,p by our hypothesis, and the Liouville 
torus action commutes with the vector fields X a , we also have that Cx a G = 
0, where the overline means the average of a tensor with respect to the 
Liouville torus action. Thus we also have 

(3.19) C X Q = 0, 
where 

(3.20) g = g-o 

has average equal to 0. 

Similarly to the proof of the Poisson case of Theorem 13.3} the equalities 

(3.21) C x J = 0Va = l,...,p 

imply that the coefficients of Q of the terms which are not in T^ fc _ 1 , i.e. 
the terms of the type 

(3.22) - — ® . . . ® - — ® dOs ® . . . ® d0i> , 

dz h dz ih i * 

are invariant with respect to the vector fields X a . It means that these 
coefficient functions are invariant with respect to the Liouville torus action. 
But any T p -invariant function with average is a trivial function, so in fact 
Q does not contain any term outside of T h W_ 1: i.e. we have: 

(3.23) 

h k 

By the same arguments, one can verify that if Q G T s ' with s > then in 
fact Q G So by induction we have Q = 0, i.e. Q = Q is invariant with 

respect to the Liouville torus action. □ 
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4. Action-angle variables 

4.1. Integrable Hamiltonian systems on Dirac manifolds. Liouville 
torus actions give rise to periodic coordinates on regular level sets of inte- 
grable systems. These periodic coordinates may be called angle variables. 
They exist for any proper regular integrable system, without the need of any 
additional underlying structure. However, in order to get action variabiles, 
we will need the Hamiltonianity of the system. The word "action" itself 
means a Hamiltonian function or a momentum map which generates an as- 
sociated Hamiltonian action. So in this section we will restrict our attention 
to Hamiltonian systems. 

Definition 4.1. An integrable system (X\ . . . ,X P , Fi, . . . , F q ) on a Dirac 
manifold (M,T>) is called an integrable Hamiltonian system of type 
(PiQ) if the vector fields Xi, . . . ,X P are Hamiltonian, i.e. there are Hamil- 
tonian functions Hi, . . . , H p such that (JQ, dffj) € T(P) for i = 1, . . . ,p. 

Of course, an integrable Hamiltonian system on a Dirac manifold is also 
an integrable Dirac system, but the converse is not true. The above no- 
tion of integrable Hamiltonian systems on Dirac manifolds generalizes the 
classical notion of integrability a la Liouville for Hamiltonian systems on 
symplectic manifolds, Mischenko-Fomenko's and Nekhoroshev's notions of 
noncommutative or generalized integrability of Hamiltonian systems [211 E2] 
and some other notions of Hamiltonian (super) integrability as well. 

Proposition 4.2. Let {X\ . . . , X p , Fi, . . . , F q ) be an integrable Hamiltonian 
system with corresponding Hamiltonian functions H\, . . . ,H p on a Dirac 
manifold (M,T>), and assume that this system is regular at a compact level 
set N. Then we have: 

i) The functions H\, . . . , H p are invariant on the Liouville tori in a tubular 
neighborhood U{N) of N. 

ii) The Liouville tori inU(N) are isotropic. 

Hi) The functions Hi, . . . ,H p commute with each other in U{N), i.e. their 
Poisson brackets vanish: {Hi,Hj} = 0. 

Proof. Recall that, similarly to the case of Poisson manifolds, if H and F 
are two Hamiltonian functions on a Dirac manifold with two corresponding 
Hamiltonian vector fields Xh and Xp, then their Poisson bracket {H, F} := 
Xh{F) = —Xp{H) = us(Xh, Xp) (where us denotes the induced presym- 
plectic forms) is again a Hamiltonian function whose associated Hamiltonian 
vector fields are equal to [Xjj,Xp] plus isotropic vector fields. 

Since pQ, Xj] = (for any i,j < p) we have that Xi(Hj) = {Hi,Hj} is a 
Casimir function. In particular, Xi(Hj) is invariant on the Liouville tori near 
N, because the Liouville tori belong to the characteristic leaves (because the 
tangent bundle of the Liouville tori are spanned by the Hamiltonian vector 
fields Xi . . . ,X p which are tangent to the characteristic distribution). But 
the average of Xi(Hj) on each Liouville torus is due to the quasi-periodic 
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nature of Xi, so Xi(Hj) = on each Liouville torus, i.e. we have 

(4.1) XiiH-) = {Hi, Hj} = in U{N) Vi = 1, . . . ,p, 

which implies that Hj is invariant on the Liouville tori for all j = 1, . . . ,p. 

The fact that the Liouville tori are isotropic follows from the equation 
us(Xi, Xj) = {Hi,Hj} = and the fact that the vector fields Xi, . . . ,X P 
span the tangent bundles of the Liouville tori. □ 

4.2. Action functions. 

Theorem 4.3 (Liouville action is Hamiltonian) . Let (X\ . . . , X p , F\, . . . , F q ) 

be an integrable Hamiltonian system, which is regular at a compact level set 
N, on a Dirac manifold (M,V). Assume moreover that one of the following 
two additional conditions is satisfied: 

i) The dimension dim(Span^(Xi(x), . . . , X p (x)) n (T X M n D x )) is constant 
in a neighborhood of N . 

ii) The characteristic foliation is regular in a neighborhood of N . 

Then the Liouville torus action of the system is a Hamiltonian torus action 
(i.e. its generators are Hamiltonian) in a neighborhood U(N) of N. 

In particular, if T> is a Poisson structure then the condition i) holds, and if 
T> is a presymplectic structure then the condition ii) holds, and the theorem 
is valid in both cases. We don't know if the above theorem is still true in 
the "singular" case when both of the above two conditions are false or not: 
we have not been able to produce a proof nor a counter-example. 

Proof. Let us first prove the theorem under condition ii), i.e. the character- 
istic foliation if regular. 

Fix a tubular neighborhood U{N) = T p x B q with a coordinate system 
(6\{mod 1), . . . , 6p(mod 1), z%, . . . , z q ) in which the vector fields Xi, . . . , X p 
are constant on Liouville tori, as given by Theorem 13.11 What we need to 
show is that is a Hamiltonian vector field. (Then, by similar arguments, 

the vector fields -J^, . . . , -J^- are also Hamiltonian, so the Liouville torus 
action is Hamiltonian). We can write 

(4.2, wr^"' x " 

i=i 

where the functions 6, are invariant on the Liouville tori. Put 

v 

(4.3) p = J2 b idHi. 

i=l 

Then (-*%)-, /3) = Yli=i bi(Xi, dHi) £ T(T>). Since preserves the Dirac 
structure, it also preserves the presymplectic structure cos of each charac- 
teristic leaf S, and therefore d/3\s = d(-^^cos) = C_d_cos = 0, i.e. the 

restriction of f3 to each characteristic leaf is closed. Notice that, by con- 
dition ii) and Proposition 14.21 each characteristic leaf in IA{N) is a trivial 
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fibration by Liouville tori over a disk. The 1-form (5 is not only closed, 
but actually exact, on each characteristic leaf, because its pull-back to each 
Liouville torus is trivial by construction and by Proposition 14.21 

We can define a Hamiltonian function A\ associated to as follows: Fix 
a point xq € N , and let D be a small disk containing xq which is transversal 
to the characteristic foliation. Let Hi, . . . ,H P be arbitrary Hamiltonian 
functions associated to X\, . . . ,X p . For each y £ U{N), denote by yo the 
intersection point of the characteristic leaf through y in U{N) with D, and 
define 



where the above integral means the integral of B over a path on a character- 
istic leaf from yo to y. The function A\{y) is well defined, i.e. single- valued 
and does not depend on the choice of the path, because of the exactness of 
B on the characteristic leaves. It is also obvious that dA\ = B, i.e. Ai is a 



Let us now assume that condition ii) fails, but condition i) holds, i.e. 
d = dim(Span^(Xi(x), . . . ,X p (x)) PI (T X M D T) x )) is a constant on U(N). 
Without loss of generality, we can assume that X\{x), . . . ,X p _ ( i(x) are lin- 
early independent modulo SpariM.(Xi(x), . . . , X p {xj) n (T X M n T> x )) for any 
x € U(N). It implies that dHi A ... A dH p _ d (x) / everywhere in U{N). 
By the inverse function theorem, there exists a disk D which intersects the 
characteristic leaf S 3 xo transversally at Xq, and such that the functions 
Hi, . . . , H p _d are invariant on D. 

Define the action function Ai by the same Formula ()4.4p as above, with 
yo € D. Since the characteristic foliation in U{N) is singular, a general 
characteristic leaf in U{N) can intersect D at a submanifold instead of just 
a point. In order to show that Ai is well-defined, we have to check that if 
7 is an arbitrary oriented curve lying on the intersection of a characteristic 
leaf S with the disk D, then we have J B = Q. But it is the case, because the 
pull-back of dHi to 7 is trivial for all i = 1, . . . ,p by construction. Thus Ai 
is a well-defined single- valued Hamiltonian function of , and the theorem 
is proved. □ 

The Hamiltonian functions Ai , . . . , A p of the generators , . . . , of 
the Liouville torus action given in Theorem 14.31 will be called action func- 
tions or action variables of the integrable system. Notice that the action 
functions are determined by the system only up to Casimir functions and 
up to a choice of the generators of the Liouville torus action (or in other 
words, a choice of the basis of the torus T p ) 



(4.4) 




Hamiltonian function of 



Remark 4.4. Another way to obtain action variables in the symplectic case 
is by the classical integral formula due to Mineur [19], Einstein, and othe 
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physicists (see, e.g. [I]): 

(4.5) A x = a, 

J fl 

where a is an 1-form such that da\s = wg, and 71 is the loop generated by 
the vector field ^ on the Liouville torus (for each torus). But it is not easy 
to use Formula (|4.5j) on Dirac manifolds, because of the problem of existence 
and regularity of a in the Dirac case. That's why in the proof of Theorem 
14.31 we used Formula (|4.4|) instead of Formula (|4.5|) for the action functions. 

4.3. Co-affine structures. Unlike the case of integrable (a la Liouville or 
noncommutatively integrable) Hamiltonian systems on symplectic or Pois- 
son manifolds, action functions of an integrable Hamiltonian system on a 
presymplectic or Dirac manifold need not be functionally independent in 
general. For example, consider the simplest case of a proper integrable 
Hamiltonian system of type (2,1) on a presymplectic 3-manifold. Then we 
have a Liouville T 2 -action and 2 action functions on a 1-dimensional family 
of Liouville tori, so in this case the two action functions are functionally 
dependent. 

If D is a presymplectic structure, then there is no Casimir function, and 
the action functions are uniquely determined by the system up to an integral 
affine transformation, similarly to the symplectic case. The functional de- 
pendence of action functions of integrable Hamiltonian systems on presym- 
plectic manifolds creates a new kind of geometric structures, which may be 
called co-affine structures: 

Definition 4.5. A co-affine chart of order p on a manifold P is a chart 
on a ball B C P together with a map A : B — > W . An (integral) co- 
affine structure on a manifold P is an atlas P = Uj-Bj of affine charts 
(B{ C P,Ai : B — > W) such that for any two chart B{ and Bj there is an 
(integral) affine transformation Tij : W — >• W such that Aj = Tij o A4 on 
the intersection Bi n Bj . 

Corollary 4.6. If an integrable Hamiltonian system of type (p, q) on a 
presymplectic manifold is regular at a compact level set N, then the space of 
Liouville tori in a tubular neighborhood U (N) of N (every Liouville torus is 
considered as one point of this space ) is naturally equipped with an integral 
co-affine structure induced by the system. 

Observe that, similarly to Riemannian structures, co-affine structures 
have a lot of local invariants. In particular, one can talk about the local 
convexity and the curvature of a co-affine structure. 

4.4. Full action-angle variables. As was shown in Proposition 14.21 Liou- 
ville tori of integrable Hamiltonian systems are isotropic. As a consequence, 
their dimension satisifes the following inequality: 

1 

(4.6) dim N < -rank + r, 
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where r = dim(X' 1 . n T X M) is the corank of u on the characteristic leaf 
containg a Liouville torus N. The dimension of N is the number of angle 
variables, and also the number of action variables that we can have. In 
the optimal case, when the above inequality becomes equality, i.e. N is a 
Lagrangian submanifold, then we will say that we have a full set of action- 
angle variables. The word "full" means that the presymplectic form in this 
case can be completely described in terms of action-angle variables. More 
precisely, we have: 

Theorem 4.7 (Full action-angle variables). Let (M,T>) be a regular Dirac 
manifold of bi-corank (r, s) and dimension n = 2m + r + s, and let 

(4.7) (X\, . . . , X m+r , F\, . . . , F m+S ) 

be an integrable Hamiltonian system which is regular at a compact level set N 
on (M, T>) . Then the Liouville tori of the system in a tubular neighborhood 
U{N) are Lagrangian submanifolds of (M,D), and there is a coordinate 
system 

(4.8) (9i(mod 1), . . . , 9 m+r (mod 1), z x , . . . , z m+s ) 
on 

(4.9) U(N) T m+r x B m+S , 
and action functions 

(4.10) A\ = zi, . . . , A m = z m , ^4 m _|_i, . . . , j4 rn _)_ r 

on U{N), such that the functions A m+ \, . . . , A m+r depend only on the coor- 
dinates z±, . . . , z m+s , the characteristic leaves ofV in U{N) are 

(4.11) Sc!,...,c s = {Zm+l = ci, . . . z m+s = c s } 
and the presymplectic form ujs on each leaf S = 5 Cli ... )Cs is 

m+r 

(4.12) us = (*r t dA i Ad9 i )\s 

i=l 

Proof. The fact that the Liouville tori are lagrangian is given by Proposition 
14.21 and the definition of Lagrangian submanifolds. Since the fibration by Li- 
ouville tori is Lagrangian, we can choose a co-Lagrangian section D of this fi- 
bration, and a coordinate system {9\{mod 1), . . . , 9 m+r {mod 1), z%, ■ ■ ■ , z m+s ) 
on U{N) such that the leaves of regular characteristic foliation is given by 
Formula (|4,lip and the functions 9\, . . . ,9 m + r vanish on D, i.e. the co- 
Lagrangian disk D is given by the equation 

(4.13) D = {9 1 = 0,...,9 m+r = 0}. 

The existence of action variables A\ , . . . , A m+r corresponding to vector 
fields , . . . , qq 9 + is given by Theorem 14.31 Without loss of generality, 

we can assume that TN is spanned by , . . . , and the kernel K = 
VdTM. Then dA\ A . . . f\dA m \s ^ everywhere in U(N), i.e. the functions 
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Ai, . . . , A m are functionally independent on the symplectic leaves, but dA\ A 
...dA m A dA m+ i\s = Vi = l,...,r. It follows that we can put Z\ = 
Ai, . . . z m = A m , and choose z m+ i, . . . , z m+s to be Casimir functions. 

It remains to prove Formula ()4.12|) . By the invariance of verything with 
respect to the Liouville torus action, it is enough to prove this formula at a 
point x E D. Without loss of generality, we can assume that {x} = N D D. 

If X, Y E T X S are two vector fields tangent to the characteristic foliation 
at x such that X, Y € T X N, then us{X,Y) = due to the isotropy of 
N, and dAi(X) = dAi(Y) = for all i = 1, . . . , m + r, which implies that 
(J2ZX r dAAd9 t )(X,Y) = 0. 

If X, Y G T x DnT x S then ojs(X, Y) = because D is co-Lagrangian, and 
(Eg^dAi A d0i)(X,Y) = because d6 t {X) = dOi{Y) = by construction. 

If X = £ T X N and Y € T^D U T X S then by construction we also 

have u s (X,Y) = = -^(F) = dAj A dBj[X,Y) = {Y.?={ dA * A 

^)(x,y). 

Since any vector pair (X,Y) G (T X D n T X S) 2 can be decomposed into a 
linear combination of the pairs of the above types, Formula ()4.12|) is proved. 

□ 

Remark 4.8. The above theorem is the analog in the Dirac setting of the 
action-angle variables theorem for Hamiltonian systems on symplectic or 
Poisson manifolds which are integrable a la Liouville. In the symplectic 
case, the fibers of a regular Lagrangian fibration with compact fibers are 
automatically tori, but this fact is no longer true in the Dirac case: due to the 
degeneracy of the presymplectic forms on characteristic leaves, one can have 
non-torus Lagrangian fibrations with compact fibers on Dirac manifolds. 
So on a Dirac manifold we need not just a Lagrangian fibration, but an 
integrable Hamiltonian system, in order to get action-angle variables. 

4.5. Partial action-angle variables. For non-commutatively integrable 
Hamiltonian systems on symplectic or Poisson manifolds, there are not 
enough action-angles variables to form a complete coordinate system, but 
one can complete these variables by some additional coordinates to form 
canonical coordinate systems [22\ [21] [T6] . The same is also true in the Dirac 
setting, when the Liouville tori are isotropic but not Lagrangian: 

Theorem 4.9 (Partial action-angle variables). Let 

(4.14) (X 1 ,...,X p ,F 1 ,...,F q ) 

be an integrable Hamiltonian system which is regular at a compact level set 
N on a regular Dirac manifold (M,T>) of bi-corank (r,s), such that the 
distribution TN (I'D is regular of rank d (0 < d < r) in a small tubular 
neighborhood U(N) of N fibrated by Liouville tori. Then there is a coordinate 
system 



(4.15) {6\{mod 1), . . . , 9 p (mod 1), zi, ■ ■ ■ , z q ) 
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on 

(4.16) U{N) ^ T p x B q 
and action functions 

(4.17) A 1 = zi, . . .,A p _ d = z p -d,Ap-d+i,- -.,Ap 

on U(N), such that the functions A p - q +i, . . . ,A p depend only on the coor- 
dinates z±, . . . , Zp-d, -Zg-s+i, • • • , z q , the characteristic leaves of V in U{N) 
are 

(4.18) S'ci,..,^ = {Zq-s+l = Cl, . . . , Z q = C s } , 

and the presymplectic form us on each leaf S = S cu ___ Cs is of the form 
p 

(4.19) oj s = (J2 dAi Ade i)\s+ fijdziAdzjls- 

i=l p—d<i<j<q—s—r+d 

Proof. The proof is similar to the proof of Theorem 14.71 We can assume 
that TN is spanned by . . . , and TN n V>. Then the action func- 

tions A\ , . . . , Ap-d are independent on the characteristic leaves, while the 
remaining action functions A p _d+±, ■ ■ ■ , A p are functionally dependent of 
Ai, . . . , A p _d on each characteristic leaf, i.e. we can write A p _d+i, ■ ■ ■ , A p as 
functions of A\, . . . , A p _d, z q - s +i) ■ ■ ■ > z qi where z q - s+ i, . . . , z q are Casimir 
functions, and we can put z% = Ai, . . . , z p ^ q = A p _d- 

Take a section D (of dimension q) of the fibration by Liouville tori in 
U(N), with the following property: the image of D by the projection proj : 
U{N) — > U(N)/)C, where U(N)/)C denotes the Poisson manifold which is the 
quotient oiU(N) by the regular kernel foliation, is coisotropic of codimension 
p—d, and moreover the intersection of the kernel foliation with T> is a regular 
foliation of dimension r—d on D. We can choose the angle variables 9±, . . . , 9 P 
so that they vanish on D. 

The closed 1-forms d6i do not annulate the kernel TM fl T> in gen- 
eral. But they do annulate D x fl T> x for any point x G D by construc- 
tion. So for each x G D, there are p — d linear combinations Y2j=i c ijd0j 
{i = 1, . . . ,p — d) which are linearly independent and which annulate the 
kernel T X M n T> x . Hence there exist vectors Yi(x), . . . , Y p _d(x) G T X M 
such that (Yi(x), Yjj=i c ijd0j(x)) G T> x for i = 1, . . . ,p — d, and these vec- 
tors Y\(x), . . . , Y p -d(x) ar e linearly independent modulo the kernel K x = 
T^x H T X M (i.e. no non-trivial linear combination of these vectors lies in 
K x ). By the coisotropy property of D (or more precisely, of the projec- 
tion of D in U(N)/IC), we can choose Y\(x), . . . ,Y p _d(x) so that they be- 
long to T X D. One verifies directly that the distribution y on D given by 
y x = SpanM.(Yi(x), . . . , Y p ^d{x)) © (T X D r\V x ) is an integrable regular dis- 
tribution of dimension p + r — 2d. Choose the q — p + 2d — r coordinates 
Zp-d+i, ■ ■ ■ , Zq-s-r+d in such a way that they are invariant on the Liouville 
tori, and also invariant with respect to the distribution y. Choose r — d ad- 
ditional coordinates z q - s - r+ d+i, ■ ■ ■ , z q - s such that they are also invariant 
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on the Liouville tori, and such that their diffenretials when restricted to the 
(r — cQ-dimensional space T X D n T> x form a basis of the dual space of that 
space for any point x € D. Finally, one verifies that lo$ — (X)f=i ^ d@i)\s 
can be expressed as Ylp-d<i<j<q-s fijd&i Adzj\s, in a way similar to the end 
of the proof of Theorem 14.71 □ 

4.6. Final remarks. In this paper we studied the existence of action- angle 
variables for a regular integrable Hamiltonian system on regular Dirac man- 
ifolds near a compact level set. There is a series of works on action- angle 
variables near singularities for integrable Hamiltonian on sympletic mani- 
folds, see, e.g., EH 123 EH EH EE] ■ It would be natural to extend them to 
the case of Dirac manifolds. Other interesting problems to consider include 
global action-angle variables, K.A.M. theory, and quantization of integrable 
Hamiltonian systems on Dirac manifolds, etc. 
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